discussion are based on the two-dimensional cross section of the three-dimensional microstructure. Therefore, computational studies have contributed to understanding the nature of the microstructure evolution. For example, Monte Carlo (MD) simulations based on the Potts model 5) are often used to study the grain growth kinetics. [6] [7] [8] [9] [10] Moreover, cellular automata (CA), [11] [12] [13] [14] front tracking method, [15] [16] [17] level-set model, 18) vertex model, 19) surface-evolver model, 20) phasefield model [21] [22] [23] [24] [25] [26] [27] have been widely employed to discuss the grain growth kinetics from the mesoscale point of view. Especially, the multi-phase-field simulation 28, 29) is a powerful tool to investigate microstructure evolution since it is not necessary to explicitly track the position of grain boundaries in the polycrystalline microstructure.
Although these mesoscale simulations have successfully shed light on the nature of the grain growth kinetics, there also exists a limitation in the most of mesoscale simulations. That is, there is no explicit way to treat a nucleation event. Therefore, nuclei in the melt are specified in advance as having a random (or a particular) distribution or are forcibly formed in line with an assumption in most previous phasefield and MC simulations. However, it is obvious that the nucleation strongly affects distributions of grain size and orientation. Therefore, it is desirable that the nucleation event naturally happens as a result of the simulation without any phenomenological parameters. Molecular dynamics (MD) simulations satisfy this request since only the interaction between neighbor atoms are given. Therefore, there are many MD studies on the nucleation over many years. In the early stage, MD studies mainly focused on the kinetic detail of nucleation via embryos formation and their aggregation in relatively small systems. [30] [31] [32] [33] [34] [35] Although these studies have shed the light on a local structure of the nucleation from the atomistic point of view, it is not straightforward to discuss this matter from the statistical point of view due to the size limitation. Recent rapid progress in high-performance computational environments brings us a breakthrough. 36) That is, large-scale MD simulations now cover not only the multiple nucleation in large systems 37, 38) but also subsequent solidification and grain growth in a consecutive simulation, [39] [40] [41] which enables us the quantitative discussion of nucleation, solidification and grain growth from the statistical point of view. For example, the nucleation rate as a function of temperature has a characteristic shape with the nose at the critical temperature. 39) It validates that the thermallyactivated homogeneous nucleation happens spontaneously in the large-scale MD simulation without any inducing factor. Moreover, the Avrami exponents during nucleation and subsequent solidification from undercooled melt iron are approximately estimated to be close to 3 and 4 in two-and three-dimensional grain growths, respectively, which also agrees with empirical interpretation. 40) On the other hand, as the number of atoms employed in the MD simulation drastically increases, there comes another problem, that is, a heavy burden in the post-analysis. The primary information obtained from the MD simulation is only the trajectory of all atoms. In the case of the MD simulation of grain growth, there is no established way to obtain the morphology of grains directly from the trajectory of all atoms. That is, it is not obvious which atoms belong to a particular grain. Therefore, such the geometric information must be extracted manually by a combination of typical post-analysis techniques such Volonoi analysis, common-neighbor analysis, cluster analysis and so on, which is a tough work especially for the case of the large system. To overcome this problem, we have developed a comprehensive post-analysis technique 42) to pick up the geometric information of grains from the trajectory of all atoms in the MD simulation using a visualization tool, OVITO (Open visualization tool). 43) In this study, two-dimensional and three-dimensional grain growths in nanometer scale are investigated by a combination of a large-scale MD simulation and a comprehensive post-analysis technique of atomic configuration. In particular, the volume change of each grains during the grain growth is closely investigated and compared with classical models. Moreover, an extended model for the three-dimensional grain growth in nanometer scale is derived based on the MacPherson-Srolovitz model.
Simulation Methodology

Molecular Dynamics Simulation
The simulation methodology basically follows previous studies. 39, 40) The Finnis-Sinclair (FS) potential 44) is employed for the interatomic interaction between iron atoms, which is one of the most established potentials for body-centered-cubic (bcc) metals. It has been confirmed that the FS potential can reproduce concurrent nucleation and solidification from the undercooled iron melt and subsequent grain growth properly. 39, 40, 45, 46) The total energy of the FS potential, E, is expressed as follows: (4) where V is the repulsive term, r ij is the bond length between atoms i and j, ρ is the total electronic charge density at the site of atom i, which is constructed by the rigid superposition of atomic charge densities ϕ, A is the binding energy, c 0 , c 1 , and c 2 are the free parameters used for fitting experimental data, c and d are cutoff parameters assumed to lie between the second-nearest-and third-nearest-neighbor atoms, β is a parameter used to introduce a maximum value of ϕ within the first-nearest-neighbor distance. The parameters for bcc iron from the original FS paper are employed, 44) which are listed in Table 1 . A leapfrog method is used to integrate the classical equation of motion with a time step of 5.0 fs (energy conservancy has been proven in previous NVE constant simulations). A Berendsen thermostat 47) is applied to control the temperature in each step, and the Andersen method 48) is applied to independently control the pressure in each direction. The main calculations are carried out on the GPU (Graphics Processing Unit) supercomputer, TSUBAME2.5 at Tokyo Institute of Technology with the original code developed in CUDA (Compute Unified Device Architecture). 49) In this study, the grain growth in the quasi-twodimensional and three-dimensional systems are examined. For the quasi-two-dimensional system, simulation results from our previous study 39) on the homogeneous nucleation and solidification in the quasi-two-dimensional system in the cell of 53.4 × 53.4 × 51.6 nm) is employed. As the calculation procedure, the initial configuration of the calculation system is prepared by heating a bcc crystal of iron at 3 500 K for 10 ps in a NVT ensemble. The prepared initial configuration is annealed isothermally in the main calculation for 4 200 ps under zero pressure with the NPT constant ensemble at 1 400 and 1 200 K, respectively. Since the melting point of bcc iron given by the FS potential, T m = 2 400 K 50) is higher than the experimental value of 1 811 K, temperatures normalized by T m are employed. That is, 1 400 and 1 200 K correspond to 0.58T m and 0.50T m , respectively. Visualization of the atomistic configuration and post-analyses are performed using OVITO (Open visualization tool).
43)
Comprehensive Post-analysis Technique to Obtain
Information of Grains A comprehensive post-analysis is performed to extract the geometric information of grains from the trajectory of all atoms in the MD simulation, which basically follows the previous study. 42) Firstly, a Voronoi analysis of the whole system is performed to derive the atomic volumes. Then, an adaptive common neighbor analysis (a-CNA) 51) with variable cutoff distance is used to identify the local structural environment, which results in FCC (face centered cubic), HCP (hexagonal close-packed), BCC (body centered cubic). ICO (icosahedral) and unknown ("other") coordination structures. After removing atoms with unknown coordination structure, two consecutive coordination analyses with cutoff radius 0.54 and 0.35 nm are performed to define the coordination number of remaining atoms. Atoms with a coordination number smaller than 45 (for cutoff radius 0.54 nm) and 5 (for cutoff radius 0.35 nm) are removed in turn after each coordination analysis. Finally, a cluster analysis with a cutoff radius of 0.29 nm is used to determine the effective number of grains. The atomic volumes of the remaining atoms are summed up to obtain the Volume V for each individual grain. Due to the removal of atoms after coordination analysis this is a conservative estimate close to the real grain volume. The estimated volume is converted into the effective radius r for all grains under the assumption that the grain is spherical using the relationship V = 4πr 3 /3. In this study, the effective radius is adopted as the grain size. Regarding the count of number of neighboring grains, all atoms in a target grain and atoms within 2 nm from the target grain are picked up and a cluster analysis is again used to count the neighboring grains. Due to the inherent error by picking up atoms within a cutoff radius, small grains consisting of less than 15 atoms are not regarded as neighboring grains. Schematic image of these processes are shown in Fig. 1 .
Results and Discussion
Von Neumann-Mullins Relation for Two-dimensional
Grain Growth Firstly, two-dimensional grain growth is examined by analyzing the MD simulation results from our previous study on the homogeneous nucleation and solidification in the quasi-two-dimensional system. 39) Figure 2 shows snapshots of atomic configuration between 500 and 4 000 ps of the calculation for the grain growth at 0.58T m in the quasi-two-dimensional system. In the snapshots, most of atoms are identified as BCC (body centered cubic) and unknown ("other") coordination structure configurations. Here, most of atoms with the unknown coordination structure corresponds to that in the grain boundary. At 500 ps, approximately 35 grains appear, which are formed by homogenous nucleation and subsequent solidification from the undercooled melt. 39) As time goes by, most of small grains shrink and some of them disappear before 4 000 ps, whereas large grains become larger during the simulation. Approximately 20 grains survive at 4 000 ps. Figure 3 shows snapshots of atomic configuration between 1 000 and 3 500 ps of the calculation for the grain growth at 0.58T m focusing on a particular grain (labelled 'A') contacting four grains. It is confirmed from the snapshots that Grain A shrinks as time goes by and disappears at 3 500 ps. In the same manner, the volume change of all grains in the snapshot is estimated by the comprehensive post-analysis technique. Figure 4 shows the volume change of all grains during the two-dimensional grain growth as a function of the number of neighbor grains per grain n for 0.58T m and 0.50T m . The volume change during 200 ps is measured at 1 000, 2 000, 3 000 and 4 000 ps. The average volume changes for each n are also plotted with error bars showing the standard deviation. It is confirmed from the graph that the volume change is proportional to the number of neighboring grains per grain and the value changes from negative to positive as the number of neighbor grains increases in both cases. In where A n is the area of a grain with n neighbor grains, m is the grain boundary mobility and σ is the grain boundary energy, respectively. That is, a grain contacting more than six grains grows larger and that contacting less than six grains shrinks. In our MD simulation with the quasi-twodimensional system, 40) only two-dimensional grain growth with the disk-like grain happens. Therefore, the volume change of grains in the quasi-two-dimensional system is equivalent to the area change. Since threshold numbers of neighboring grains estimated from the MD Simulation are close to six, it is considered that the grain growth in our MD simulation with the quasi-two-dimensional system basically satisfies the von Neumann-Mullins relation. Although the von Neumann-Mullins relation is originally derived for the ideal case without any anisotropy effect in grain boundary energy and grain boundary mobility, our result agrees well with the von Neumann-Mullins relation. It is expected that the anisotropy effect is diminished by averaging the effect from many grain boundaries since the anisotropy in the grain boundary energy of pure iron is not so large 50) except for a particular tilt grain boundary.
Moreover, it is expected from Eq. (5) that the slope of fitted lines in Fig. 3 is proportional to the product of grain boundary mobility and the grain boundary energy. The values of grain boundary mobility for 0.58T m and 0.50T m are roughly estimated to be 6.48 × 10 − 9 and 3.12 × 10 ). [54] [55] [56] [57] [58] The grain boundary mobility for 0.58T m is larger than that for 0.50T m , which agrees with a common sense in temperature dependence of the grain boundary mobility. [54] [55] [56] [57] [58] However, we note that the estimated value here includes many effects from various grain boundaries and many triple points.
Mullins Relation for Three-dimensional Grain
Growth Compared with the two-dimensional grain growth, it is not easy to discuss the three-dimensional grain growth. One of the difficulty is to observe the evolution of threedimensional microstructure as it is. It is not straightforward to obtain the number of neighboring grains directly during the grain growth. Therefore, most of the discussion is based on the morphology of two-dimensional cross sections of three-dimensional grains. On the other hand, we can obtain the three-dimensional microstructure directly from the MD simulation via the comprehensive post-analysis technique. Here, the number of neighboring grains during the threedimensional grain growth is directly extracted from the trajectory of atoms of the MD simulation. Figure 5 shows snapshots of atomic configuration between 500 and 4 000 ps of the calculation for the grain growth at 0.58T m in the three-dimensional-dimensional system. At 500 ps, approximately 200 grains appear, which are formed by the homogeneous nucleation and subsequent solidification in the undercooled melt 40, 42) as in the case of the quasi-two-dimensional system. As time goes by, small grains shrink and some of them disappear within the timescale of the simulation, whereas large grains become larger. From the cross-sectional views, it is confirmed that three-dimensional grain growth surely happens in the MD simulation. Figure 6 shows snapshots of atomic configuration of two contacting grains between 500 and 4 000 ps of the calculation for the grain growth at 0.58T m in the three dimensional system. Two grains are labeled 'Grain 1' and 'Grain 2' in the snapshot. The numbers of neighboring grains for Grain 1 (n 1 ) are 25, 18, 17 and 21 at 500, 1 000, 2 000 and 4 000 ps, respectively, and those for Grain 2 (n 2 ) are 16, 14, 13, 12, respectively. It is confirmed from the snapshot that Grain 1 becomes larger during the 4 000 ps calculation, whereas Grain 2 becomes smaller. In the same manner, volume changes of all grains during the MD simulation in the three-dimensional cell are estimated by the comprehensive post-analysis technique. ΔV are plotted to compare the Mullins relation for three-dimensional grain growth. 59) The curve with the form of the Mullins relation (Eqs. (6) to (9) ) are fitted to all plots with a least square approximation. (Online version in color.)
where V is the grain volume. Mullins 59) proposed the func- The curves are fitted to all plots in Fig. 6 using the relation of Eqs. (6) to (9) with a least square approximation. However, it is difficult to make a good fitting using this relation since the threshold number of neighboring grains is fixed to be 13.45 in the Mullins relation for three-dimensional grain growth, which is a lower than the estimated value from our simulation. Actually, many of reported values are higher than the predicted value from the Mullins relation: for example, 13.7 (Suwa et al. 24) ) and 14.7 (Kim et al. 23) ) from phase-field simulations, 15 from the surface-evolver model 20) and 15.5 from the experimental measurement. 60) In general, it is considered that the threshold number of neighboring grains for three-dimensional grain growth is closely related to the regular packing of space filling objects with the Weaire-Phelan structure, 61) where the ideal surface-areato-volume ratio occurs for a structure consisting of one 12-sided polygon and one 14-sided polygon. However, most of reported values deviate from the ideal value, actual grains during the grain growth are not ideal polygons.
MacPherson-Srolovitz model for Three-dimensional
Grain Growth Recently, MacPherson and Srolovitz 62) proposed the von Neumann-Mullins relation generalized to coarsening of three-dimensional microstructure as:
where L is the mean width of the grain and
is the is the summation of the triple line lengths e i , of the grain. Assuming the grain is spherical, the mean width is regarded as twice its diameter 57) (i.e., quadruple its radius). Therefore, Eq. (10) can be rewritten as: (11) where r is the radius of the grain when the grain is assumed to be spherical. Here, the factor in the parenthesis of the right side of Eq. (11) is denoted by f for simplicity. Here, the radius and the summation of the triple line lengths for each grain (i.e., the factor f ) are directly extracted from our MD result by the comprehensive post-analysis technique. Figure   8 shows the volume change for each grain during the threedimensional grain growth as a function of the factor f. As a whole, the volume change is negatively correlated with the factor f, which is confirmed by the line fitted to all plots with a least squares approximation. The ratios of plots located in the first, the second, the third and the fourth quadrants in the graph are 14%, 15%, 23% and 47% for 0.58T m and 13%, 21%, 27% and 40% for 0.50T m , respectively. Since plots should exist only in the second and the fourth quadrants ideally, there are variation in data to some extent due to the inherent error with the post-analysis. Although a linearity in the volume change with respect to the factor f is confirmed in Fig. 7 as expected from Eq. (11), it is not straightforward to derive the threshold number of neighboring grains during the three-dimensional grain growth directly from Eq.
. Therefore, an extended model describing the threedimensional grain growth is derived based on the MacPherson-Srolovitz model in the following section.
An Extended Model for Three-dimensional Grain Growth
The factor in the parenthesis of the right side of Eq. (11) is rewritten using the sum of triple line length in a grain, l as: Equation (13) By substituting Eqs. (14) and (15) 
Here, the factor in the parenthesis of the right side of Eq. (17) is denoted by g for simplicity. Figure 9 shows the volume change for each grain during the three-dimensional grain growth as a function of the factor g. Again, the volume change is negatively correlated with the factor g, which is confirmed by the line fitted to all plots with a least squares approximation. Ratios of plots located in the first, the second, the third and the fourth quadrants in the graph are 11%, 18%, 11% and 60% for 0.58T m and 10%, 23%, 7% and 59% for 0.50T m , respectively. The extended model improves the classification of plots better than the MacPherson-Srolovitz model. Therefore, it is concluded that the extended model hinders the inherent error caused by the data sampling from a small system and it classifies the volume change of grains during the three-dimensional grain in nanoscale system well. The threshold number of neighboring grains is derived to be 14.6 from the extended model, which is close to many reported values as discussed in Section 3.2. Finally, it is expected from Eq. (11) that the slope of fitted lines in Fig.  8 is proportional to the product of grain boundary mobility and the grain boundary energy. The values of grain boundary mobility for 0.58T m and 0.50T m are roughly estimated to be 6.34 × 10 − 9 and 2.69 × 10 − 9 m 4 J − 1 s − 1 assuming the grain boundary energy to be 1.0 Jm − 2 50) in the same matter as Section 3.2. There is no significant difference between the grain boundary mobility for two-dimensional grain growth and that for the three-dimensional growth within the spatiotemporal scale of our MD simulation.
Conclusions
By performing the large-scale MD simulation and the comprehensive post-analysis, two-dimensional and threedimensional grain growths in nanometer scale is closely investigated. As a whole, large grains become larger and small ones become smaller in the MD simulation over 4 000 ps both in quasi-two-dimensional and three-dimensional systems. The volume change of grains during the grain growth is directly estimated by the comprehensive postanalysis. In the case of the two-dimensional grain growth, grains with seven and more neighboring grains generally grow larger, whereas those with five and less neighboring grains shrink and some of them disappear within the timescale of the simulation, which agrees with the vonNeumann-Mullins relation for the two-dimensional grain growth. In the case of the three-dimensional grain growth, the threshold number of neighboring grains dividing growth and shrink is approximately 14. Although this value is close to many of reported ones, it is a little larger than that from the Mullins relation for the three-dimensional growth. Therefore, an extended model of the von Neumann-Mullins , which is within the range of many of reported values. Results and discussion derived from the large-scale MD simulation in this study basically agree with the classical theory or the common sense of a conventional material science, which proofs the validity of our results and discussion from the statistical point of view. Since most of the MD studies on the grain growth yet limits the discussion to the local structure of particular grain boundaries from the atomistic point of view due to the size limitation, it is a new insight in this study to successfully derive the relationship in the grain growth kinetics from the statistical point of view.
Finally, it is important to note that the quantitative discussion of three-dimensional grain growth in the MD simulation becomes successful for the first time owing to a combination of the large-scale MD simulation with more than ten-million atoms and the comprehensive post-analysis consisting of multiple procedures. Such the progress is largely attributable to the rapid progress in high-performance computational environments. We believe the cutting-edge approach using a GPU supercomputer is opening a new phase in computational metallurgy. Especially, the multi-GPUs parallel computation is the most promising technique, which is successful in recent large-scale simulations. 36, 63) One of the remaining problems is to treat the grain growth in iron-based alloys accurately, which will be examined in the next step once the reliable interatomic potential for iron-based alloys is established.
